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Abstract

Motived by the characterization of the positive elements in a C*—algebra
and the decomposition of an operator into a sum of orthogonal pro-
jections, we introduce the notions of positive operator and K-operator
frame for B(H). Also, we give some properties.
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1 Introduction

Frames for Hilbert spaces were introduced by Duffin and Schaefer [3]
in 1952 to study some deep problems in nonharmonic Fourier series by
abstracting the fundamental notion of Gabor [5] for signal processing.
In fact, in 1946 Gabor, showed that any function f € L?(R) could be
reconstructed via a Gabor system {g(x — ka)e*™™™b* : k m € Z} where g
is a continuous compact support function. These ideas did not generate
much interest outside of nonharmonic Fourier series and signal process-
ing until the landmark paper of Daubechies, Grossmann, and Meyer [4]
in 1986, where they developed the class of tight frames for signal recon-
struction. They showed that frames can be used to find series expansions
of functions in L?(R), which are very similar to the expansions using or-
thonormal bases. After this innovative work, the theory of frames began
to be widely studied. While orthonormal bases have been widely used
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for many applications [7], it is the redundancy that makes frames useful
in applications.

The last decades have seen tremendous activity in the development of
frame theory, and many generalizations of frames have come into exis-
tence in Hilbert Spaces and Hilbert C*-modules [8, @, 10}, 1T, 12}, 13| 14]
15, 116}, 17, [18].

In this paper, we introduce the notions of positive operator and K-
operator frame for B(H), and we establish her relation with g-frame,
K-g-frame, operator frame, and K-operator frame.

2 Preliminaries

Throughout the paper, H denotes a separable Hilbert space and B(H)
the algebra of all bounded linear operators on H. An operator T € B(H)
is called positive if (T'z,z) > 0 for all z € H and the set of all positive
operators is denoted by B(H)™*. Let I be a finite or countable index
subset of N.

This section recalls the definitions of g-frame, K-g-frame, operator frame,
and K-operator frame. For more on frames in Hilbert spaces, see [2].
Definition 1. [20] We call a sequence {A; € B(H,V;) : i € I} a g-frame
for the Hilbert space H with respect to {V; : i € I} if there exist positive
constants A, B > 0 such that for all x € H,

Allzl* < [1Ai]* < Bll||*.
el

The numbers A and B are called g-frame bounds. If A = B = A, the
g-frame is A-tight. If A= B =1, it is called a Parseval g-frame. If only
the second inequality holds, we call it a g-Bessel sequence.

Definition 2. [I/Let K € B(H). A sequence {A; € B(H,K,) :i € I} is
called a K-g-frame for H with respect to {K;}icr, if there exist constants
A, B > 0 such that

AK2l? < 3 sl < Bllel Ve € H.
il
The constants A and B are called lower and upper bounds for the K-
g-frame, respectively. A K-g-frame {A;}icr is said to be tight if there
exists a constant A > 0 such that

A|K*z|> =) [A|® Vo e H. (1)

iel
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1t is called Parseval K-g-frame if A =1 in .

Definition 3. [6] A family of bounded linear operators {T;}icr on a
Hilbert space H is said to be an operator frame for B(H), if there exist
positive constants A, B > 0 such that

Alle|? < 3 |1 Ta))? < Blla]? v € . (2)

iel
where A and B are called lower and upper bounds for the operator frame,
respectively. An operator frame {T;}icr is said to be tight if A= B. It is

called Parseval operator frame if A= B = 1. If only upper inequality of
hold, then {T;}icr is called an operator Bessel sequence for B(H).

Definition 4. [19] Let K € B(H). A family of bounded linear operators
{T;}icr on a Hilbert space H is said to be a K-operator frame for B(H),
if there exist positive constants A, B > 0 such that

AlK*z|? < 3 T2 < Bllal? Vo e M.
iel
where A and B are called lower and upper bounds for the K -operator
frame, respectively. A K-operator frame {T;}icr is said to be tight if
there exists a constantA > 0 such that

ARzl = Y Tl Vo € H. Q
il
It is called Parseval K -operator frame if A=1 in .

3 Positive Operator Frame

Let H be an infinite dimensional separable Hilbert Space and (e;);en
be an orthonormal basis for H. Then Vo € H, x = Y, (z,ei)e; =
Y ien € @ ei(x) soidy = Y, e ® e;. Motivated by this, we give the
following definition.

Definition 5. A family of positive operators {T;}ic; on a Hilbert space
H is said to be a positive operator frame for B(H), if there exist positive
constants A, B > 0 such that

Allel2 < Y (T, ) < Blla|? v € H. (4)

i€l
The numbers A and B are called lower and upper bounds of the positive
operator frame, respectively. If A = B, the positive operator frame is
tight. If A = B = 1, it is called a normalized tight positive operator

frame or a Parseval positive operator frame. If only upper inequality of
hold, then {T;}icr is called a Bessel positive operator for B(H).
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Example 1. Let H be a Hilbert Space and (f;)icr be a frame for H.
Then there exist positive constants A, B > 0 such that

Allz* <) e, fi)l* < Bllz|* Vo € H. ()
iel

Define {T;}ie; € B(H)Y by T, = f; @ f; for alli € I. Then

D (Tiw,x) =Y (i @ fi)x,x)

el i€l
=Yl ffisw) = Yot fidlfivw) = Y I,
iel iel 1€l

for all x € H. Then by , we have
Allz))* <Y (Tyw,z) < B|lz||* VaeH.
iel
Thus {T; }icr is a positive operator frame for B(H).

Theorem 1. Fvery positive operator frame corresponds to an operator
frame and vice versa.

Proof. Let {T;}icr be an operator frame for B(#), then there exist pos-
itive constants A, B > 0 such that

Alal? < STl < Blal? v e H.
iel
Hence
Allz|? <> (T Tz, x) < Blla|* Yz e H.
iel

Thus {T;T;}:cs is a positive operator frame for B(H).
For the converse, let {T;}sc1 be apositive operator frame for B(H). Since
T; € B(H)*, there exist T; € B(H) such that T; = TFT;. {T;}icr is a

positive operator frame for B(H), hence there exist positive constants
A, B > 0 such that

Allz|® <Y (Tiz,z) < Bllz|® Va € H.
iel

It follows that
Allz|]? < Z(T:Tim,@ < B|jz||? V€ H.

iel
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Thus
Allz|?* < Y ITiw||* < Bllal* V€ H.
iel
Hence {T;};cs is an operator frame for B(H). O

Corollary 1. FEvery positive tight operator frame is corresponds to a
tight operator frame and vice versa.

Corollary 2. FEvery Bessel positive operator corresponds to an operator
Bessel sequence and vice versa.

Theorem 2. Every g-frame {A; € B(H,H;) : i € I} for H with respect
to {H; : i € I}, corresponds to a positive operator frame for B(H). The
convers s valid.

Proof. Result of the characterization for the positive elements in a C*—
algebra. O

Definition 6. Let {T;}icr be a positive operator frame for B(H). We
define the frame operator S : H — H by

St = ZTix,
el
for allx € H.

Theorem 3. Assume that S is the frame operator of a positive oper-
ator frame {T;};cr for B(H) with bounds A and B, then S is positive,
self-adjoint and invertible. Moreover, we have AI < S < BI and the
reconstruction formula

T = STz = T.5 'z VaeH.
Y S =)T,
iel iel

Proof. 1t is clear that S is positive and self-adjoint. For any « € H, since
{T;}icr is a positive operator frame with bounds A, B, we have

(Az,z) = Allz|* < Z(Tﬂ:,m) (Sz,z) < B||z||* = (B, z).
iel

This shows that
Al < S < BI,

which implies that S is invertible. Further, for any z € H, we have

r=S"1Sxr=28 1ZTJ:—ZS T,

i€l el
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and
r=S8"1r= Z]}Silx.
i€l
O

Theorem 4. Let H and K be two Hilbert spaces. Let {A;}icr, {T'j}jer
be two positive operator frames for B(H) and B(K) with frame operator
Sa and St with bounds (A, B) and (C, D) respectively. Then {A; ®
T';}ier,jer is a positive operator frame for B(H® K) with frame operator
Sa ® Sp and lower and upper bounds AC and BD, respectively.

Proof. By the definition of the positive operator frame {A;};,c; and
{T'j}jes we have

Allel? < S (A, 2) < Bllal? Vo e H,
el
Clyl> <> (Tiy,y) < Dlyll* vy K.

JjeJ
Therefore,
AC||z|P[lyl* < Y (Niw,x) @ Y (Tjy,y) < BD||z||ly|?
il jeJ

Vo € H, Vy € K. Then

AC|lz @ y|* < (A, x) @ (Tyy,y) < BD|lz @ y|?
JE
Vr € ‘H, Vy € K. Consequently we have

AClz@y|* <Y (A @Ty.z®y) < BDlz@yl?
@

Ve e H,Vy € K. Then Vx @ y € H ® K we have

AClz @yl <> ((MieT;)(z@y),e®y) < BD|z@y|*
e
The last inequality is satisfied for every finite sum of elements in H®¢;4 K
and then it is satisfied for all z € H ® K. It shows that {A; ®T';}icr jes
is a positive operator frame for B(H ® K) with lower and upper bounds
AC and BD, respectively.
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By the definition of frame operator S) and St we have:

Saz = ZAM Ve eH, Sry= Zij Vy e K.
il jed

Therefore,

(Sa®@Sr)(z@y) =Saz@Sry =Y Az Ty

icl jeJ
=Y Apely=>Y (Lel)(zay).
iel el
jeJ JjeJ

Now by the uniqueness of frame operator, the last expression is equal to
Saer(z ® y). Consequently we have (Sp ® St)(z ® y) = Sagr(z @ y).
The last equality is satisfied for every finite sum of elements in H ®q14 K
and then it is satisfied for all z € H ® K. It shows that (Sx ® St)(z) =
Sagr(z). So Sagr = SA ® Sr. O

4 Positive K-operator frame

Definition 7. Let K € B(H)". A family of positive operators {T;}icr
on a Hilbert space H is said to be a K-positive operator frame for B(H),
if there exist positive constants A, B > 0 such that

A(Kz,z) < Z(ﬂx,x> < B|lz||*> Ve H.
icl

The numbers A and B are called lower and upper bounds of the K-
positive operator frame, respectively. If A = B, the positive K -operator
frame is tight. If A= B =1, it is called a normalized tight K -positive
operator frame or a Parseval K -positive operator frame.

Example 2. Let H be a Hilbert Space and (f;)icr be a K-frame for H.
Then there exist positive constants A, B > 0 such that

AIE 2> <Y [, fi)]* < Bllal|* Vo € H. (6)
el

Define {T;}ier C B(H)T by T; = f; @ f; for alli € I. Then

el el
= Z((xafz>fzax> = Z<x?fi><fiax> = Z ‘<x?fi>|25
i€l i€l i€l
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for all x € H. Then by @ we have

AKK*z,x) = A|K*z|? < Z(Tm,x) < B|jz||* Ve H.
iel

Thus {T;}icr is a K K*-positive operator frame for B(H).

Theorem 5. Every K -positive operator frame corresponds to a K -operator
frame and vice versa.

Proof. Let {T;};cr be a K-operator frame for B(H), then there exist
positive constants A, B > 0 such that

AIE )2 < 3 | Tall? < Bllall® v € 1.
el
Hence
AK*Kz,z) < Z(T;‘Tix,x) < Bllz||* Vz€H.

iel

Thus {T;T;}ier is a K*K-positive operator frame for B(H).

For the convese, let {T}}ic; be a K-positive operator frame for B(H).
T, € B(H)™ then there exist T; € B(H) such that T, = TxT;. {Ti}ie[ is
a K-positive operator frame for B (H), then there exist positive constants
A, B > 0 such that

A(Kz,x) <> (Tyz,z) < Bl|z||* Vz €.

i€l
Hence,
A(KK*z,2) <Y (T;Tyw,x) < Bllz||* Vz X,
iel
thus
AlK 2| <) | Tie|® < Bljz|® Ve € H.
i€l
Therefore, {T;};cr is a K-operator frame for B(H). O

Corollary 3. FEvery positive tight K-operator frame corresponds to a
tight K -operator frame and vice versa.

Theorem 6. Every K-g-frame {A; € B(H,H;) : i € I} for H with
respect to {H; : i € I}, corresponds to a K -positive operator frame for
B(H). The converse is also valid.

Proof. Result of the characterization for the positive elements in a C*-
algebra. O
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Definition 8. Let K € B(H)" and {T;}icr be a K-positive operator
frame for B(H). We define the frame operator S : H — H by

Sz = ZTix,

i€l
forallx € H.
Theorem 7. Assume that S is the frame operator of a K-positive op-

erator frame {T;}ic; for B(H) with bounds A and B, then S is positive
and self-adjoint. Moreover, we have AK < S < BI

Proof. 1t is clear that S is positive and self-adjoint. For any = € H, since
{T;}icr is a K-positive operator frame with bounds A, B, we have

(AKz,z) = A(Kz,z) < Z(Tm,x) (Sz,z) < B||z||* = (Bz,z).
iel
This shows that
AK < S < BI,

O

Theorem 8. Let H and K be two Hilbert spaces. Let {A;}icr, {T'j}jer
be K -positive operator frame for B(H) and L-positive operator frame
for B(K) with frame operator Sa and Sr with bounds (A, B) and (C, D)
respectively. Then {A; ® T'j}ier jes is a K @ L-positive operator frame
for B(H ® K) with frame operator Sy ® Sr and lower and upper bounds
AC and BD, respectively.

Proof. By the definition of {A;};er and {T';};e; we have:

A(Kz,z) <> (Aw,z) < Blla|* Va e H.

iel
C(Ly,y) <> (Tjy,y) < Dyl VyeKk.

JjedJ

Therefore
AC(Kz,x)(Ly,y) <Y (Niz,x) @ > (Tyy,1)
iel jeJ
< BD||:E||2||y||2 Ve eH, VyekK.

Then

AC(Kx @ Ly, 2 ®y) < Z Nz, z) @ (Tjy,y)
ieljed
<BD|z®y|* VxeH, VyeK.
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Consequently, we have
AC(KeL)(x@y),z0y) < Y (hzalyrey)
iel,jeJ
<BD||z®y|* VzeH,VyeKk.

Then, for all z ® y € H ® K we have

AC(K@L)(z®y),zy) < > (Lel)(z®y),zey)
iel,jeJt
< BD|lv 2 y|%.
The last inequality is satisfied for every finite sum of elements in H®¢q14
and then it’s satisfied for all z € H ® K. It shows that {A; @ T';}ier jes

is a K ® L-positive operator frame for B(H ® K) with lower and upper
bounds AC and BD, respectively.

By the definition of frame operator Sy and St we have

Sar=>» Az Ve eH, Sry=>» Ty Wyek.

i€l jeJ
Therefore,
(SA®Sr)(z®y) = Saz ® Sry = ZA,-J: ® ZI‘jy
iel jeJ
=> Az@ly=)Y (Aol)(z®y).
iel il
j€J jeJ

Now, by uniqueness of frame operator, the last expression is equal to
Saer(z ® y). Consequently, we have (Sy ® St)(z ® y) = Sagr(z @ y).
The last equality is satisfied for every finite sum of elements in H ®q14 K
and then it is satisfied for all z € H ® K. It shows that (Sx ® Sr)(z) =
SA®1'*(Z). So SA®1'*=SA®SF. O
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