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Abstract

We study corners and fundamental corners of the irreducible subquo-
tients of reducible elementary representations of the groups G = Spin(n, 1).
For even n we obtain results in a way analogous to the results in [§] for
the groups SU(n, 1). ‘Especially, we again get a bijection between the
nonelementary part GO of the unitary dual G and the unitary dual K.
In the case of odd n we get a bijection between G° and a true subset of
K.
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1 Introduction

1.1 Elementary representations

Let G be a connected semisimple Lie group with finite center, gq its Lie
algebra, K its maximal compact subgroup, and go = €y & po the corre-
sponding Cartan decomposition of gg. Let ag be a Cartan subspace of
po, A the corresponding vector subgroup of G and M (resp. mg) the
centralizer of A in K (resp. of ag in &). Let P = M AN be the minimal
parabolic subgroup of G corresponding to a choice of positive restricted
roots of the pair (go, ag). For any compact group L its unitary dual will
be denoted by L. Furthermore, we denote by [ the complexification of a
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real vector space ly. For o € M and v € a* let 7" be the correspond-
ing elementary representation of G — the representation parabolically
induced by the representation ¢ ® v of P.

From classical results of Harish—Chandra we know that all elementary
representations are admissible and of finite length and that every com-
pletely irreducible admissible representation of G on a Banach space is
infinitesimally equivalent to an irreducible subquotient of an elemen-
tary representation. Infinitesimal equivalence of completely irreducible
admissible representations is equivalent to algebraic equivalence of the
corresponding (g, K)—modules. We will denote by G the set of all in-
finitesimal equivalence classes of completely irreducible admissible rep-
resentations of G on Banach spaces. G¢ will denote the set of infinites-
imal equivalence classes of irreducible elementary representations and
G =3 \ G° the set of infinitesimal equivalence classes of irreducible
suquotients of reducible elementary representations. It is also due to
Harish—Chandra that every irreducible unitary representation is admis-
sible and that infinitesimal equivalence between such representations is
equivalent to their unitary equivalence. Thus the unitary dual G of
G can be regarded as a subset of G. We denote G¢ = G N G and
GO=GNG =G \ Ge.

1.2 Infinitesimal characters

We denote by U(g) the universal enveloping algebra of g and by 3(g) its
center. We denote by 3(g) the set of all infinitesimal characters (unital
homomorphisms 3(g) — C) of g. Let h be a Cartan subalgebra of g,
A = A(g,h) C b* the root system of the pair (g,h) and W = W(g,h)
its Weyl group. Denote by P(h*) the polynomial algebra over h* and
by w = wy the Harish—Chandra isomorphism of 3(g) onto the algebra
P(h*)W of W—invariant polynomials on h*. For A € b* define x» € 3(g)
by xa(z) = (w(2))(A), z € 3(g). Then A — x) is a surjection of h* onto
3(g) and for A, ;1 € h* one has yy = X if and only if y = wA for some
weW.

It is well known that every elementary representation 7% has infinitesi-
mal character. To describe it chose a Cartan subalgebra 0y of my and let
Al be a choice of positive roots of the pair (m,). Set 6 = 3 Daear
Denote by A, € 0* the highest weight of the representation o with re-
spect to A}, Now, by = 09 + ag is a Cartan subalgebra of go and the
infinitesimal character of the elementary representation 77" is Xa(qs,.),

30



NONELEMENTARY IRREDUCIBLE REPRESENTATIONS OF SPIN(N, 1)

where A(o,v) € h* is given by

Ao, V) = Ao + Om and Ao, v)|q = 1.

1.3 Corners and fundamental corners

Suppose now that the rank of g is equal to the rank of €. Choose a
Cartan subalgebra tg of €5. Let Ax = A(¢,t) C A = A(g, t) be the root
systems of the pairs (¢ t) and (g,t) and W = W(t,t) C W = W(g,t)
the corresponding Weyl groups. Choose positive roots A;r( in Ag and
let C be the corresponding Wx—Weyl chamber in t = itj. Denote by
D the set of all W—Weyl chambers in itj contained in C. For D € D we
denote by AP the corresponding positive roots in A and let AB denotes
the noncompact roots in AP ie. AD = AP\ A};. Set

1 1
pK=§Za and pg:§Zo¢.
acA) acAl

Recall some definitions from [§]. For a representation 7 of G' and for ¢ €
K we denote by (7 : ¢) the multiplicity of ¢ in 7|K. The K—spectrum
I'(m) of a representation 7 of G is defined by

I(r)={q€K; (r:q) >0}

We identify ¢ € K with its maximal weight in it} with respect to Aj.
For ¢ € T'(7) and for D € D we say:

(i) qis a D—corner for 7 if ¢ — a € T'(7) Va € AB;

(i) ¢ is a D—fundamental corner for 7 if it is a D—corner for 7 and
Xg+px—p2 is the infinitesimal character of m;

(#it) ¢ is a fundamental corner for 7 if it is a D—fundamental corner
for 7 for some D € D.

In [8] for the case of the groups G = SU(n,1) and K = U(n) the
following results were proved:

1. Every 7 € GP has either one or two fundamental corners.
2. G0={r¢c GY; 7 has exactly one fundamental corner}.

3. For m € GY denote by ¢(m) the unique fundamental corner of 7.
Then 7+ ¢(7) is a bijection of G° onto K.

In this paper we investigate the analogous notions for the groups Spin(n, 1).
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2 The groups Spin(n, 1)
In the rest of the paper G = Spin(n,1), n > 3, is the connected and

simply connected real Lie group with simple real Lie algebra

go =so(n,1) = {Acgl(n+1,R); A'=-TAT}, = { % _01 } )

go = {{ﬁ 8}; B € so(n), aEanl(R)}.

Here and in the rest of the paper we use the usual notation:

o M,, ,(K) is the vector space of m x n matrices over a field K.

gl(n, K') denotes the Lie algebra M, ,,(K) with [A, B] = AB— BA.
o GL(n, K) is the group of invertible matrices in M, ,,(K).

At is the transpose of a matrix A.

so(n,K)={B € gl(n,K); B' =—-B}.

so(n) = so(n,R).
e SO(n) = {4 € GL(n,R); A=t = A! det A=1}.

We choose Cartan decomposition gg = €y & pg :

Poz{{g 8};3650(71)}, poz{{ Ot 8};@6Mn,1(R)}.

a

The group Spin(n, 1) is double cover of the identity component SO(n, 1)g
of the Lie group SO(n,1) = {4 € GL(n+ 1,R); A=! =TA'T, det A =
1}. The maximal compact subgroup K C G with Lie algebra £ is the
double cover Spin(n) of the group SO(n).

Now we choose Cartan subalgebras. E, , will denote the (n+1) x (n+1)
matrix with (p,qg)—entry equal 1 and all the other entries 0. Set

Iyq = Epq— Eqp, 1<p,qg<n, P # G
Bp = Ep,n—i—l + En-i—l,pa I1<p<n

Then {I, 4; 1 < ¢ <p < n}isa basis of &, {Bp; 1 < p < n} is a basis
of po and ty = spang {Izp,gp,l; 1<p< %} is a Cartan subalgebra of €.

We consider separately two cases: n even and n odd.

32



NONELEMENTARY IRREDUCIBLE REPRESENTATIONS OF SPIN(N, 1)

n even, n = 2k
In this case t; is also a Cartan subalgebra of gg. Set
Hy, = —ilap 0p_1, 1<p<k.

Dual space t* identifies with C* through this basis of t :

"3 A= (\H),...,\(Hg)) € CF.
Denoting by {a1, ..., .} the canonical basis of C¥ = t* the root system
of the pair (g,t) is

A=A(g,t) ={tap,tay; 1<pg<k p#qg U{tay 1<p<k}

The Weyl group W of A consists of all permutations of the coordinates
combined with multiplications of some coordinates with —1.

The root system Ay of the pair (¢,t) is {£a, £ aq; p # q}. We choose
positive roots Af = {a, + a4; 1 < p < ¢ < k}. The unitary dual K of
K = Spin(2k) will be parametrized by identifying with the corresponding
highest weights. Thus

A

K= {(ml,...,mk) e ZkF U (%—l—Z)k; My > mg > - > Mp_1 > |mk|}
nodd, n=2k+1

Now tj is not a Cartan subalgebra of gg. Set

H = B,, = Bopy1 = Eopi1,0k42+FEoki206+1, 0o =RH, bho = to+ao.

Then by is a Cartan subalgebra of gy and all the other Cartan subalgebras
of go are Int(go) —conjugated with ho. The ordered basis (Hy, ..., Hy, H)
of b is used for the identification of h* = CF+! :

b* > A= (A(H1), ..., \(Hg),\(H)) € CFL.

t* and a* are identified with subspaces of h* : t* = {\ € b*; A, = 0}
and a* = {\ € b*; A =0}. So h* =t* + a*.

Let {ay, ..., a1} be the canonical basis of Ck*1. The root system of the
pair (g,h) is A = A(g,h) = {+a, +ag; 1 <p,g < k+1, p#q}. The
Weyl group W = W(g,h) consists of all permutations of coordinates
combined with multiplying even number of coordinates with —1. The
root system of the pair (¢,t) is Ax = A(E,t) = {+a, £ oy 1 < p,g <
k, p # q} U{Zap,; 1 < p < k}. Choose positive roots Aj = {a, £
ag 1 <p<qg<k}U{ap; 1 <p <k} The dual K is again identified
with the highest weights:

K:{q:(ml,...,mk)EZﬁU(%—&-ZJF)k; mlzmzz---ka}.
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Elementary representations of the groups Spin(n,1)

Regardless the parity of n we put H = B, = Ep, n41+ Epi1.0, 00 = RH.
As we already said, if n is odd, n = 2k + 1, then hg = ty + ag is
a Cartan subalgebra of gy and all the other Cartan subalgebras are
Int(gp)—conjugated to ho. If n = 2k go has two Int(gg)—conjugacy
classes of Cartan subalgebras. Their representatives are ty and hy =
spang{iHy,...,iH;_1, H}. t and b are of course Int(g)—conjugated. Ex-
plicitly, the matrix

L 1 —q
2Pk 2Pk €k

V2 V2
A: féQk %I}C Ok € SO(2ka1a(C)7
e hd 0

where Py, = I, — By, = diag(1,...,1,0),
Qr = I — 2B, = diag(1,...,1,-1),

er € My1(C) is given by el = [0---01] and O is the zero matrix
in My, 1(C), has the properties AH;A™' = H;, 1 < j < k—1, and
AH, A" = H; thus, AtA~! = b and the parameters from CF = h* = *
of the infinitesimal characters obtained through the two Harish—Chandra
isomorphisms 3(g) — P(h*)" and 3(g) — P(t*)" coincide if the
identifications of h* and t* with C*¥ are done through the two ordered
bases (Hi,...,Hy_1,H) of h and (Hy,...,Hx—1,Hy) of t.

For both cases, n even and n odd, mg is the subalgebra of all matrices in
go with the last two rows and columns 0. The subgroup M is isomorphic
to Spin(n — 1). A Cartan subalgebra of mq is

0p = fo Nmg = spanR{iHl, . ,in_l}, k= \‘gJ .

The elements of M are identified with their highest weights. For n even,
n = 2k, we have

M = {(nl,...,nk_l)EZ’_?__lLJ(%—FZ_,_)k_l; ng>ng > > Np_g 20}
and for n odd, n = 2k + 1, we have
M = {(nh...,nk)eZkU(%JrZ)k; n12n22~~2nk,12|nk|}.

The branching rules for the restriction of representations of K to the
subgroup M are the following:
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If n is even, n = 2k, we have

(ma,...,mp)|m = @ (n1,...,mp—1);

(n1,enp—1)=<(M1,...,mk)

here the symbol (nq1,...,nk-1) < (m1,...,my) means that all m; and
n; are either in Z or in % + Z and that

M1 >ng > Mg >Ng--- > M1 > N1 > Myl

If n is odd, n = 2k 4+ 1, we have

(ml,...,mk)|M: (nl,...,nk);

(n1,emp) <(ma,...,my)

now the symbol (n1,...,ng) < (ma,...,m;) means that all m; and n;
are either in Z or in % + Z and that

m1 >Ny > mg > Ng-- - > Mg > N1 > My > |ngl.

The restriction 77|k is the representation of K induced by the rep-
resentation o of the subgroup M, thus it does not depend on v. By
Frobenius Reciprocity Theorem the multiplicity of ¢ € K in |k is
equal to the multiplicity of ¢ in ¢|ps. Thus

7TU’D|K = @q.

qef(
o<q

Hence, the multiplicity of every ¢ = (mq,...,my) € K in the elementary
representation 77" is either 1 or 0 and the K —spectrum I'(7%") consists
of all ¢ = (my,...,my) € KN (ny + Z)* such that

|m| if n = 2k,

M1 N1 My > No > s > M1 > N1 > K
L= =T =T = = k-1 = kl_{mk2|nk| ifn=2k+1.

3 Representations of Spin(2k, 1)

In this section we first write down in our notation the known results on el-
ementary representations and its irreducible subquotients for the groups
Spin(2k, 1) (see [I], [2], [3], [, [3], [6], [9], [10]). For o = (n1,...,nk-1)
in M C RF-1 = 105 and for v € C = a* the elementary representation
w%" is irreducible if and only if either v ¢ % +ny 4+ Z or

VG{:I:(nk_l+%),:I:(nk_ng%),...,:i:(n2+k—g),:ﬁ:(n1+k—%)}.
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If 77" is reducible it has either two or three irreducible subquotients.
If it has two, we will denote them by 77" and w?¥; an exception is the
case of nonintegral n; and v = 0, when we denote them by woOE If
77" has three irreducible subquotients, we will denote them by 77" and
w?V % Their K—spectra are as follows:

(a1)

()

36

n; € Zy and v € {:I:%,:i:%,...,:t (nk_l — %)} (this is possible
only if ng_1 >1):

INCaSS my>mng > > mpoy >, [ml < vl — 4

D(wo %) : my >ng > > mpq > ng_1 > £my, > |v|+ 5.

n; € (% —|—Z+) and v € {:tl,...,:t (nk, — %)} (this is possible
only if ny_1 > %) :

L(rov): my>mny > > mpog >, [mgl < v — 4
Do%): my>ng > >mp_1 > ngoy > £myg > [v] + 5.
nje(%—l—ZJr) and v =0:
Dwo0%) s my >ng > >mp1 > ngoy > Fmy > 5.
If nj_1 > n; for some j € {2,...,k— 1} and if
ve{t(nj+k—j+3),£(n+k—j+3),...,
(ki )

then:
L(rov): My 2 ng 2 2 M1 2 N1,
W —k+j—5>m;>n; > >np_q > |myl;
F(OJU’V)I m127112-~-271j—12mj2"/|_k+j+%’

Ny > Mjpr >0 > Ny > Myl

1/6{i(nl—l—k‘—%),i(nl—l—k—i—%),i(nl—&—k—i—%),...}:
D(ro¥) s vl —k+45>my >ng > = my1 > ng_1 > [myl;

D(wo): my >y —k+32

2 nlszZ"'

Cee > Mg > Ny > Mg
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Irreducible elementary representation 7" is unitary if and only if either
v € iR (so called unitary principal series) or v € (—v(0),v(0)), where

v

v(o) =min{v > 0; 77" is reducible}

(so caled complementary series). Notice that for nonintegral n;’s 779
is reducible, thus v(c) = 0 and the complementary series is empty. In
the case of integral n;’s we have the following possibilities:

(a) If nj_y > 1, then v(o) = 4. The reducible elementary representa-

tion 772 is of the type (al).

() f ng—y = 0and n; > 1, let j € {2,...,k — 1} be such that
Ng_1=---=n;=0<n;_1. Thenv(o) =k—j+ % The reducible
clementary representation 77F~9%3 is of the type (bj).

(c) If o is trivial, i.e. ng = -+ = nu_y = 0, then v(c) = k — 1. The

o,k—

reducible elementary representation 75~z is of the type (c).

Among irreducible subquotients of reducible elementary representations
the unitary ones are w?"*, 77%(?) and wo¥(?),

The infinitesimal character of 7% (and of its irreducible subquotients)
iS XA(e,v), Where A(o,v) € b* is given by

A(J,V):(nl—i—k—%,ng—l—k—%...,nk,l—l—%,u).

As we pointed out, if t* is identified with C* through the basis (Hy, . .., Hy)
of t, the same parameters determine this infinitesimal character with re-
spect to the Harish—Chandra isomorphism 3(g) — P(t*)W (e,

The Wy —chamber in R¥ = it} corresponding to chosen positive roots
A} is
C={NeR" X\ >N >...> Ny > |\ >0}

The set D of W —chambers contained in C' consists of two elements:
Di={XAER"; Ay >N > >\ > 4N >0)

The closure D, is fundamental domain for the action of W on R, i.e.
each W —orbit in R¥ intersects with D, in one point. We saw that the
reducibility criteria imply that A(o, ) € R*¥ whenever 77 is reducible.
We denote by A(o,v) the unique point in the intersection of WA(o, v)
with D . In the following theorem (proved with all details in [7]) we can
suppose without loss of generality that v > 0, since 77" and 7% ~" have
the same irreducible subquotients.
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Theorem 1. (i) 7% is reducible if and only if its infinitesimal character
is xx for some X\ € A, where

A={MeZh UG +2Z0)" > x> > Ny > A2 0]
We write A as the disjoint union A* U A°, where
A= {xeZhU(A+20)" > > > N > A > 0

AO:{/\EZﬁ; AL > A > o> Ao >0, Ak:O}~

(ii) For \ € A* there exist k ordered pairs (o,v), 0 € M, v > 0, such
that x is the infinitesimal character of 7. These ordered pairs are
(0j,v5), 1 <j <k, where vy = \; and:

o] = (/\2—/{J+%,...,/\s+1—]{1—&-54—%,...,)%—%),
gj = ()\1—k+%,...,)\j,1—k+j—%,)\j+1—k‘f‘j"‘%,...,)\k—%),
o = (Al—kﬁ-%,)\g—k—k%,...,)\k,l—%).

(iii) For A € A°, the ordered pair (o,v), o € M, v € R, such that x» is
the infinitesimal character of mY, is unique:

0':(/\1—16—"-%,)\2—]{!4—%,...,)\]@,1—%),VZO.

Fix now A € A*. There are altogether k + 2 mutually infinitesimally

inequivalent irreducible subquotients of the reducible elementary rep-

resentations 77t ... w7 which we denote by 77,... ,T,i‘, wi‘L, Wt

Tf‘ = 799" w;\_L = W vE Note that wi¥i = TJ4\+1 for1<j<k—-1

The K —spectra of these irreducible representations consist of all
qg=(my,...,mg) in KN ()\1 + % + Z)k that satisfy:

D) M—k+3>2mi>Xd—k+3>>mp_y > M — 5 2> |myl,

F(Tj)‘)l mi > M —k+

S>mp > 2myg >N —k+j— 3,
Njo—kti—g=my > 2 mea > A — 5 > [,

L) : mi>XM—k+2>me>Xo—k+3>mp1 >Ny — 3,
Ap = 5 > [ml,

F(wi): mlz)q—k‘—F%Z"'ka_lZ)\k_l—%Z:tmeAk—F%.
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It is obvious that each of these representations 7 has one D, —corner
and one D_—corner; we denote them by g4 (7). The list is:

g () = (Go—k+3, =30 -3 F0n - ),
Qi(Tj)\) = (Al_k+%7,A]_1—k+j—l
)‘j+1—k+j+%,...,)\ —2,¢ )\k_, )7

qi(Tlg\) = ()\1_k+%7)\2_k+ga-"7)\kfl_%7:F()\k %)
qi(wj‘[) = ()\1 —k+ %,)\2 —k+ ga---7)\k—1 %,:l:()\k + %))
gr(wy) = M—k+3X—k+3,.. M- 5T -1 —3)).

We check directly that among them the fundamental ones are qi(Tg‘)
and g+ (w}) while the others ¢+(73), j < k, g+ (w3 ), are not fundamen-
tal.

Notice that finite dimensional 7{* is not unitary and ¢, (7{) # q_ (1)

unless it is the trivial 1—dimensional representatlon

A= (k-1, k—f,..w%)) when ¢, (") = ¢_({") = (0,...,0). Next,
) for 2 < j < k is not unitary and g4 (7') # ¢_(t}). Finally, w? and

wﬁ are unitary (these are the discrete series representations) and each

of them has one fundamental corner, ¢ (w?}) and g_ (w? ); the other two

g—(w?}) and g4 (w?) are not fundamental.

We consider now the case A € A?. The elementary representation 770 is

unitary and it is direct sum of two unitary irreducible representations wi

and w? . Their K —spectra consist of all ¢ = (my,...,my) € Kﬂ(% + Z)k
that satisfy

Pwi): mi>M—k+2> - >mp_1 > XNy — 5 > Emy > 4.

Again each of these representations have one Dy —corner and one
D_ —corner:

qi(wi) ()\1 — k+ )\2 k+ %,...,)\k,1 — %,i%),
gr(wp) =M —k+3X—k+3,.. M1 —5F-1—3)).

We find that again each of these unitary representation has one fun-
damental corner (g4 (w?), resp. g¢_(w)), and the other corner is not
fundamental.

To summarize, we see that m € G with exactly one fundamental corner
is unitary; its fundamental corner we denote by ¢(). For all the others
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7 € GO one has ¢1 (1) = ¢2(7) and we denote by ¢(7) this unique corner
of m.

Theorem 2. 7 — ¢(r) is a bijection of G onto K.

Detailed proof can be find in [7].

Consider now minimal K—types in the sense of Vogan: we say that
q € K is a minimal K —type of the representation = if ¢ € I'(7) and

lg + 2px || = min {[l¢" + 2px|); ¢" € T(m)}.
For ¢ € K we have
g+ 2ok ||* = (mq +2k —2)* 4+ (mo +2k —4)* +- -+ (mp_1 +2)> +m3
and so we find:

IfrxeAn(z+ Z)k ,ie. A€ A* and T'(7;') C ZF, the representation 77

has unique minimal K —type which we denote by ¢V (77) :

qV(Tf\) = ()‘2_k+%>)\3_k+%77)\k_%70)a

qV(Tj)\) = (/\1—/€—|—%,...,/\j_1—k+j—%,
)\j+1_k+]+%77)‘k_%70)7 2§]§k_17

qV(Tli\) = (/\1—]€+%,/\2—k+g,...,/\k_1—%,O).

If A\ € ANZF ie. I‘(Tj\) c (% +Z)k, the representation ij\ has two

minimal K —types qK (Tj\) and ¢¥ (Tj)\) :

¢i(m) = (e—k+30—k+3... 0 —5,43),
X)) = M—k+3. N —k+j- 3,

Aj+1_k+j+%7"'7Ak_%7i%)v QSJSk_la
q:‘I:/(TI?) = ()\1—k-l—%,)\g—kﬁ-%w..,)\k,l—%,:‘:%).

Finally, for every A € A the representation wi has unique minimal
K —type:

V(W) =M —k+3 0 —k+ 2 N — 3£+ D).

So we see that if 7 € GO has two minimal K —types it is not unitary. Fur-
ther, every 7 € G° has unique minimal K —type ¢" (7) and it coincides
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with ¢(7). But there exist nonunitary representations in GO that have
unique minimal K —type: this property have all ij\ for A € AN (% + Z+)k
that are not subquotients of the ends of complementary series. In other
words, unitarity of a representation = € G° is not completely character-
ized by having unique minimal K —type.

4 Representations of Spin(2k + 1, 1)

For o = (n1,...,ni) € MNZF and v € C the elementary representation
w%" is irreducible if and only if either v ¢ Z or

ve{0,£1,...,tng|, x(ng—1 + 1), £(nk—2+2),...,£(n1 + k= 1)}

For o € M N (% + Z)k and v € C the representation 77" is irreducible
if and only if either v ¢ (% + Z) or

ve{ts,. .t £(np1 + 1), £(ne—2 +2),...,£(m + k- 1)}.

If the elementary representation 77" is reducible, it always has two
irreducible subquotients which will be denoted by 7%% and w?". The
K —spectra of these representations consist of all ¢ = (mq,...,mg) €
K N (ny + Z)* that satisfy:

(i) If ng—q1 > |ngk| and v € {£(nk| + 1), £(|nk| +2), ..., £ng_1} :
L(r7"): my>mny > - > mp_1 > ngp—y and || —1 > my > |ngl,
Two"): mi >ng > - > mp_1 > ng_1 > my > |V

(it) If nj_1 > n; for some j € {2,...,k —1} and
ve{t(nj+k—j+1),£(nj+k—7+2),....,£(n_1 +k—j)}:

F(Ta,u) Cmy>ng > > mj_q > nj—1 and

| —k+j—1>m;>n; > >my > |nyg,

Fw?): m1>ny >--->mj_1 >n;_1 >m; > |v|—k+jand
Ny > Mg > -0 > My > |ngl.

(iid) If v € {(ny + k), £(n +k+1),...}

Do) : w|—k>my >ny > > myg > |ngl,

C(w?): my > v|—k+1and ny >mp >ng > -+ > my > |ngl.
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Similarly to the case of even n = 2k we now write down the infinitesimal
characters of reducible elementary representations 7%* (and so of its irre-
ducible subquotients 77 and w?" too). We know that the infinitesimal
character of 77" is xA(s,,), Where

Aoyv)=(n1+k—1na+k—2,...,n5-1+1,n4,v).

Since v € 1Z C R = aj; we have A(o,v) € ity ® aj = R*™'. We choose
positive Weyl chamber in RF+!

D={XNeRFL X1 >0 > > M > [ \ey1| >0}

and again denote by A(o,v) the unique point of WA(a,v) N D. We now
write down A(o,v) for all reducible elementary representations 7. In
the following for 0 = (n1,...,nk) € M we write —o for its contragredient
classin M : —o = (n1,...,ng—1, —ng). Without loss of generality we can
suppose that v > 0 because 7%” and 7~ %~ have equivalent irreducible
subquotients and because A(o,v) is W—conjugated with A(—o, —v) :
multiplying the last two coordinates by —1.

If ng—1 > |ni| and v € {|ng| + 1, [ng| +2,...,n6-1},
Mo,v)=m1+k—1no+k—2...,np_1+1,v,n).
f2<j<k-1,nj_1>njandve{n+k—j+1,...,nj1+k—j}
Moyv)=(i+k—1,...,nj_1+k—j+1, v ,nj+k—j ... ,npg_1+1,ng).

fve{ni+kn+k+1,...},
AMov)=(w,n1+k—1,...,np_1+ 1,nk).

Similarly to the case of even n we see that now every reducible elementary
representation has infinitesimal character y with A € A, where

k+1

A={ezZM U3 +2)" 5 > > > N> al)

We again write A as the disjoint union A = A* U A, where

A = ezttu(d+z)t

A° NeZE A > X > > A >0, A = 0.

;>\1>)\2>"'>)\k>|)\k+1|>0}7

As shown in [7] we have
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Theorem 3. (i) For every A € A* there exist k+ 1 ordered pairs (o,v),
o= (ni,...,ng) € M, v >0, such that x is the infinitesimal character
of m>V. These are (0j,v;), where v; = Aj for 1 < j <k, vpg1 = [Apg1]
and

or=MNe—k+LA3—k+2,..., A — 1, A1),

O'jZ(/\l—]{}+1,...,)\j_1—k‘—|—j—1,)\j+1—k+j,...,/\k—1,)\k+1),
2<j<k-1,

or =M —k+LA—k+2,..., 21— 1, \eq1),
()\1—k+1,/\2—l€+2,...,>\k_1—1,>\k-) if A1 >0,
Ok =
A ()\1—k’+1,)\2—1€+27...7>\k,1—17—)\k;) if)\k+1<0,

w7V 1 < j <k, are reducible, while wo++17k+1 4s grreducible.

(i1) For X € A° there exist k + 2 ordered pairs (o,v), 0 = (n1,...,n;) €
M, v >0, such that x» is the infinitesimal character of 7%". These are
the (0j,v;), where v; = Aj for 1 < j <k, vgyp1 = vpy2 =0 and

o1=Me—k+1,A3—k+2,...,2 — 1,0),

O’j:(Al—k'f'l,...,)\j,l—k+j—1,)\j+1—k+j7...,)\k—1,0),

O'k:()\1—k‘—l—l,)\g—k‘—i—?,...,)\k,l—l,()),
O’k+1:()\1—k—l—l,)\g—/ﬂ+2,...,)\k,1—1,)\k)7

Ok+4+2 = ()\1 7k+ 1,)\2 7k+2,...,/\k_1 — 17*>\k)~
7%vi 1 < j <k, are reducible, while w7%+1:° and w7*+2:0 are irreducible.

We note that in fact the representations mo%+1:0 and 77#+2,0 _are equiv-
alent, but this is unimportant for studying and parametrizing GY and G°.

Fix A € A. By Theorem 3. there exist k ordered pairs (o,v), o € M,
v > 0, with reducible #%¥ having x, as the infinitesimal character.
There are k + 1 mutually inequivalent irreducible subquotients of these
elementary representations; we denote them 7'1’\, . ,T,;\, w Tj)‘ = 793",
1< j <k, w*=w™". Note that w5 2 7, for 1 < j < k— 1. Their
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K —spectra consist of all ¢ = (mq,...,mg) € Kﬁ(nl + 7Z)* satisfying:

D) M—k>mi>d—k+1>mg> >N — 1> my > [Aegal.

D) : mi>M—k+1>-->mj_1 >Xj_1—k+j—1and
Nj—k+j—12my > >N —12myp > [Ny

for 2 <j<k.
L) mi> X —k+1>->mpy > A1 — 12 my > Mg,

The definitions of corners and fundamental corners do not have sense
when rankt < rankg. Consider the Vogan’s minimal K —types. Note
that now

llg+ 2ok |* = (mq + 2k — 1)% + (mg + 2k — 3) + -+ + (my + 1)?,

SO every m € G has unique minimal K —type that will be denoted by
q¥ () : this is the element (m1,...,my) € I'(r) whose every coordinate
m,; is the smallest possible.

Theorem 4. The map m+— ¢" () is a surjection of G° onto K. More
precisely, for every ¢ = (mq,...,mg) € K :

(a) There exist infinitely many \’s in A such that ¢V (1) = q.

(b) Let j € {2,...,k}. The number of X’s in A such that ¢V (1}') = q is:

0 if mj_1 =my,
mj_1 —m; if mj_1 >m; and my =0,
2(mj_1 — my) if mj_1 >m; and my > 0.

(c) The number of X’s in A such that ¢V (W) = q is:
0 if my <1,

1 if meI,

ZLmk—%J if my > 1.

Proof. (a) These are all A € A such that
AL € (m1+k+Z+), )\j :mj_1—|—k—j—|—1 2<j3<k, Agy1 =tEmg.

(b) These are all A € A such that A\ = ms+k—sforl <s<j—1,
As =me1+k—s+1forj+1< s <k A1 > A > Ajq and
Akt+1 = Tmy,.
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(¢) These are all A € A such that
As=ms+k—s 1<s<k |[App1] <my.
O

We now parametrize G. A class in GO is unitary if and only if it is an
irreducible subquotient of an end of complementary series. For o € M
the complementary series is nonempty if and only if o is selfcontragre-
dient, i.e. o = (n1,...,n5—1,0). In this case we set v(c) = min{r >
0; m>" is reducible}. From the necessary and sufficient conditions for
reducibility of elementary representations we find:

(1) Iffng = =ng_1 =0,1e if o =09 =(0,...,0) is the triv-
ial onedimensional representation of M, then u(ao) k. In this case
I(ro0*) = {(0, 0)} and I'(woo*) = {( ,0); s € N} and so
¢V (70%) = (0,....,0) and ¢V (w**) = (1,0,...,0).

(1) Ifny > 0,let j € {2,...,k} be the smallest index such that n;_; > 0.

Then v(0) = k — j + 1. The K —spectra of irreducible subquotients of
rok=iF1 are

D(roF=It) e my >ng > >myq > nj
and mg=0Vs> j,
I‘(wo’k_j"'_l) : my>ng > > mj—1 > nj—1 > m; >1
and mgs=0Vs>j.
So we have
q (Uk J+1) = (niy,...,n;-1,0,...,0),
q" (w 0k—j+1) = (ni,...,mj-1,1,0,...,0).
Thus, we have proved

Theorem 5. The map 7~ q¥ () is a bijection of GO onto

Koz{q:(ml,...,mk)ék; mg = 0}.
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